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Introduction

Question: How similar are two polygonal curves?



Introduction

Maurice Fréchet, 1906

An example of a metric for parameterized curves

https://perso.lpsm.paris/ mazliak/ConfFrechetang.html
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Maurice Fréchet, 1906

Illustration: Person & Dog

P,

homeomorphism

https://perso.lpsm.paris/ mazliak/ConfFrechetang.html



Introduction

Definition:
INF over reparametrisation, MAX over distance betw. points

dF (P,Q) := infσ:[0,n]→[0,n] maxx∈[0,n] d(P (x), Q(σ(x)))

Q : [0, n]→ Rd parametrised curves

Maurice Fréchet, 1906
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dF (P,Q) := infσ:[0,n]→[0,n] maxx∈[0,n] d(P (x), Q(σ(x)))

Q : [0, n]→ Rd parametrised curves

Maurice Fréchet, 1906

Illustration: Person & Dog

P,

Fréchet distance equals shortest leash length

homeomorphism
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Introduction

Definition:
INF over reparametrisation, MAX over distance betw. points

dF (P,Q) := infσ:[0,n]→[0,n] maxx∈[0,n] d(P (x), Q(σ(x)))

Q : [0, n]→ Rd parametrised curves

Maurice Fréchet, 1906
metric for param. curves:
• d(x, y) = 0⇔ x = y
• d(x, y) = d(y, x)
• d(x, z) ≤ d(x, y) + d(y, z)

P,

homeomorphism

https://perso.lpsm.paris/ mazliak/ConfFrechetang.html
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Research on computing the Fréchet distance

in 1992 Helmut Alt and Michael Godau presented the first algorithm

and many more papers followed..
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Research on computing the Fréchet distance

number of papers on dblp

why so popular? because it’s natural, versatile and challenging to compute!

1995 2000 2005 2010 2015 2020 2025
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35

0

• some personal highlights
• open problems

Plan for this talk:

my journey starts

Disclaimer:
only continuous (not discrete) Fréchet distance
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Let P,Q be two polygonal curves of size n.

• computation problem: What is dF (P,Q)?



Algorithm of Alt & Godau

• decision problem: Is dF (P,Q) ≤ ε?

Let P,Q be two polygonal curves of size n.

• computation problem: What is dF (P,Q)?

use the Free Space Diagram for the decision problem
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Free Space Diagram

ε

Let P,Q : [0, n]→ Rd polygonal curves, and let ε > 0.

Q

P

Define Fε(P,Q) := {(s, t) | d(P (s), Q(t)) ≤ ε}

Lemma 1: Cells of the free space are convex.
Lemma 2: dF (P,Q) ≤ ε ⇔ there exists a monotone path

from (0, 0) to (n, n) in the free space Fε(P,Q).



Free Space Diagram

ε

Let P,Q : [0, n]→ Rd polygonal curves, and let ε > 0.

Q

P

Define Fε(P,Q) := {(s, t) | d(P (s), Q(t)) ≤ ε}

reachable free space: subset of Fϵ(P,Q) that is reachable
by a monotone path from (0, 0)



Decision Algorithm

Input: Polygonal curves P,Q, and ε > 0
Output: Is dF (P,Q) ≤ ε
compute lower and left reachable
boundaries of the diagram
for i← 1 to n do

for j ← 1 to n do
compute upper and right reachable
boundaries of cell (i, j)

output true if (n, n) reachable, else false



Decision Algorithm

Input: Polygonal curves P,Q, and ε > 0
Output: Is dF (P,Q) ≤ ε
compute lower and left reachable
boundaries of the diagram
for i← 1 to n do

for j ← 1 to n do
compute upper and right reachable
boundaries of cell (i, j)

output true if (n, n) reachable, else false

Theorem (Alt, Godau)
For two polygonal curves P,Q of size n and ε > 0,

dF (P,Q) ≤ ε can be decided in O(n2) time and O(n) space.
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Output: dF (P,Q)
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do a binary search over the values,
solving the decision problem in each step

critical values:
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in the free space changes
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Breaking the quadratic runtime

Can the Fréchet distance be computed in subquadratic time?

• conditional lower bound by Bringmann (2014)
• slightly faster algorithm by Buchin et al. (2014)
• weakly subquadratic time by Cheng and Huang (2025)

Given CNF-SAT formula F with N variables and M clauses.

Construct two curves P1, P2 such that

dF (P1, P2) ≤ 1 ⇔ F is satisfiable.

Reduction from k-CNF SAT

c02,F c12,F

c02,T c12,T
r2

s2

s∗2 t∗2

t2

P2

c01,T c11,T

c01,F c11,F
r1

s1 t1

P1

Hence an O(n2−δ) algorithm for dF would imply an
O(M22(1−δ/2)N ) SAT algorithm.
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Breaking the quadratic runtime

Can the Fréchet distance be computed in subquadratic time?

• conditional lower bound by Bringmann (2014)
• slightly faster algorithm by Buchin et al. (2014)
• weakly subquadratic time by Cheng and Huang (2025)

Pre-processing to speed up the computation (4 Russians trick)
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t2

t3
s3 s4

t4

t5

s5

P
ε

Q

P
root

elementary boxes

door orders

partial door-orders

add reach-doors



Breaking the quadratic runtime

Can the Fréchet distance be computed in subquadratic time?

• conditional lower bound by Bringmann (2014)
• slightly faster algorithm by Buchin et al. (2014)
• weakly subquadratic time by Cheng and Huang (2025)

Pre-processing to speed up the computation (4 Russians trick)

use algebraic geometric tools to show only a
subquadratic number of distinct encodings

Q
Q

P

τ τ τ

τ

τ

τ

P

elementary boxes
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Realistic inputs

Can the Fréchet distance be computed faster for certain inputs?
• κ-straight, κ-bounded (Alt, Knauer, Wenk, 2004)
• backbone curves (Aronov et al. 2006)
• c-packed curves (Driemel, Har-Peled, Wenk, 2012)

for p, q on curve C: |C[p, q]| ≤ κ||p− q||

for p, q on curve C: C[p, q] ⊆ B(p, r) ∪B(q, r),
where r = κ||p− q||/2

p

q

C

p

q

C

for these curves Fréchet distance can be
bounded by κ+ 1 times Hausdorff distance

κ-straight

κ-bounded



Realistic inputs

Can the Fréchet distance be computed faster for certain inputs?
• κ-straight, κ-bounded (Alt, Knauer, Wenk, 2004)
• backbone curves (Aronov et al. 2006)
• c-packed curves (Driemel, Har-Peled, Wenk, 2012)

for any p: |C ∩B(p, r)| ≤ cr

pC

c-packed

• simplify curves (c-packed remains
6c-packed, complexity of fsd reduced)
• approximately decide Fréchet distance
between simplifications



Realistic inputs

Can the Fréchet distance be computed faster for certain inputs?
• κ-straight, κ-bounded (Alt, Knauer, Wenk, 2004)
• backbone curves (Aronov et al. 2006)
• c-packed curves (Driemel, Har-Peled, Wenk, 2012),

• long edges (Gudmundsson, Mirzanezhad, Mohades, Wenk, 2019)
• one curve c-packed (Gudmundsson, Mai, Wong, 2024),
(Conradi, van der Hoog, van der Horst, Ophelders, 2026)
• imbalanced (Blank, 2026)
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Approximation

Can the Fréchet distance be approximated faster?
• no 3-approx in subquadratic time (Buchin, Ophelders, Speckmann, 2019)
• O(α)-approx for α ∈ [

√
n, n] in O((n3/α2) log3 n) (Colombe & Fox, 2021)

• O(α)-approx for α ∈ [1, n] in O((n+mn/α) log3 n) (van der Horst, van Kreveld,
Ophelders & Speckmann, 2023)
• O(α)-approx for α ∈ [1, n] in O((n+mn/α) log2 n) (van der Horst, Ophelders, ’24)
• (7 + ε)-approx in subquadratic time (Cheng, Huang & Zhang, 2025)

ε

Q
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Approximation

Can the Fréchet distance be approximated faster?

ε

Q

P

combines
• simplification
• grids
• greedy (for long edges)

• no 3-approx in subquadratic time (Buchin, Ophelders, Speckmann, 2019)
• O(α)-approx for α ∈ [

√
n, n] in O((n3/α2) log3 n) (Colombe & Fox, 2021)

• O(α)-approx for α ∈ [1, n] in O((n+mn/α) log3 n) (van der Horst, van Kreveld,
Ophelders & Speckmann, 2023)
• O(α)-approx for α ∈ [1, n] in O((n+mn/α) log2 n) (van der Horst, Ophelders, ’24)
• (7 + ε)-approx in subquadratic time (Cheng, Huang & Zhang, 2025)
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Implementation

How to efficiently implement the algorithms?

• Walking the Dog Fast in Practice: Algorithm Engineering of the Fréchet Distance
(Bringmann, Künnemann, Nusser, 2019)
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Generalizations

→ Fréchet distance has been generalized to all of these

What about other shapes, e.g., surfaces, polygons, graphs, or point sets?

• generalized to surfaces (Fréchet, 1924)
• NP-hard (Godau, 1998), (Buchin, Buchin, Schulz 2010)
• Semi-computable (Alt, Buchin, 2004)
• Computable (Nayyeri, Xu, 2016)

Homeomorphisms on [0, 1]2 are not as nice as on [0, 1]

σ



Under Transformation

Shape matching: given two curves, find a transformation minimizing their distance.

handwriting

trajectoriesprotein backbones
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Fréchet distance of Curves under Transformations

• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)

• in 1D in Õ(n2+ 2
3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
3 ) time (Buchin et al., 2025)



Under Transformation
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Under Transformation

Fréchet distance of Curves under Transformations

• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)

• in 1D in Õ(n2+ 2
3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
3 ) time (Buchin et al., 2025)

Q

P

τ(Q)



Under Transformation

π π

a b

δ

S S

S

a b
δ

a

S
a

• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)
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3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
3 ) time (Buchin et al., 2025)

Fréchet distance of Curves under Transformations

which translations change reachability in fsd?
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• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)

• in 1D in Õ(n2+ 2
3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
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Fréchet distance of Curves under Transformations

which translations change reachability in fsd?

a b

S

v

Geometric space Translation space

c1

v − c1 v − c2

c2
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Under Transformation

• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)

• in 1D in Õ(n2+ 2
3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
3 ) time (Buchin et al., 2025)

Fréchet distance of Curves under Transformations

which translations change reachability in fsd?

a b

S

v

Geometric space Translation space

c1

v − c1 v − c3

c3

• O(n3) translations in total
• O(n2) pairs of vertices on P
• O(n) segments on Q
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3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
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Under Transformation

• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)

• in 1D in Õ(n2+ 2
3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
3 ) time (Buchin et al., 2025)

Fréchet distance of Curves under Transformations

which translations change reachability in fsd?

a

S
Geometric space Translation space



Under Transformation

• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)

• in 1D in Õ(n2+ 2
3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
3 ) time (Buchin et al., 2025)

Fréchet distance of Curves under Transformations

which translations change reachability in fsd?

a

S
Geometric space Translation space

• O(n2) racetrack translations in total
• O(n) vertices on Q
• O(n) segments on P



Under Transformation

• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)

• in 1D in Õ(n2+ 2
3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
3 ) time (Buchin et al., 2025)

Fréchet distance of Curves under Transformations

which translations change reachability in fsd?

Translation space



Under Transformation

• in 2D in Õ(n8) time (Alt, Knauer, Wenk, 2001)

• in 1D in Õ(n2+ 2
3 ) time (Blank et al., 2025)

• in 2D in Õ(n7+ 1
3 ) time (Buchin et al., 2025)

Fréchet distance of Curves under Transformations

which translations change reachability in fsd?

Translation space

1. Pick a starting intersection, and explore
the arrangement of size O(n6) using DFS

2. For each intersection, update the
freespace diagram and query reachability
in O(n

4
3 ) time.



Under Transformation
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Fréchet distance is a bottleneck measure



Less Sensitive to Outliers

Fréchet distance is a bottleneck measure

• ignore parts of the curve

• take an average

How to handle this?



Less Sensitive to Outliers

Fréchet distance is a bottleneck measure

• ignore parts of the curve

• take an average

How to handle this?

partial, k-shortcut, k-outlier Fréchet, ...

average, continuous dynamic time warping (CDTW), ...



Variants

How can the Fréchet distance be adapted?
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Variants

• weak [1992, Alt & Godau]

• discrete [1994, Eiter & Mannila]

• geodesic [2008, Cook & Wenk]

• partial [2009, Buchin, Buchin & Wang]

• speedlimits [2009, Maheshwari, Sack & Shabaz]

• constrained [2010, Buchin, Buchin, & Gudmundsson]

• homotopic [2010, Chambers et al.]

• direction-based [2011, de Berg & Cook]

• shortcut [2012, Driemel & Har-Peled]

• ... 14 more years of variants ..
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Tasks using similarity

Similarity used in many other tasks for example

• clustering: partition a set of curves into similar ones

• simplification: reduce complexity with high similarity

• queries: store in a data structure for faster queries

many interesting settings and results

P

Q



Applications

many applications, for instance..

handwriting

trajectoriesprotein backbones
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Applications

Questions

• which path was taken?

• can we reconstruct the
network?

• how to compare two
networks?

many entities moving
on a network

: Road Network Analysis

• which mode of
transportation?

map matching

segmentation,
classification

map construction

map comparison
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Summary & Open Problems

Fréchet distance has been well explored in the last 35 years!
much more research not mentioned here

Approximation
• no 3-approximation in subquadratic time
• (7 + ε)-approximation in subquadratic time

Under Transformations
• no lower bounds in continuous case
• can we improve upper bound?

Generalizations
• more algorithms for surfaces
• other unsettled variants and extensions..

But also still open questions, for instance

Thank you!

Questions?
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